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The U(1)A boson mass is calculated through the phenomenological characteristics of the vacuum
related to spontaneous breaking of chiral symmetry in QCD. The mass is determined by the mixed
quark-gluon condensate 〈q¯Gq〉 that emerges in an appropriate correlation function due to triangle
anomaly. For three flavor QCD in chiral limit we find the numerical value for the U(1)A mass to be
M0 = 310± 50 MeV.
PACS numbers: 13.35.Bv, 14.60.Ef
The Lagrangian of QCD [1] with Nf massless quarks
is invariant under the chiral symmetry group U(Nf )L ⊗
U(Nf )R [2]. The low energy spectrum of hadronic states
suggests that the chiral symmetry group is spontaneously
broken down to its vector part U(Nf )V with V = L+R.
Therefore one expects that there exist N2f massless Gold-
stone bosons corresponding to the generators of the bro-
ken subgroup U(Nf )A with A = L − R [3]. The mass-
less approximation for the u, d quarks is very accurate
in the real world as their masses mu + md ∼ 15 MeV
are significantly smaller than the infrared strong inter-
action scale ΛQCD ∼ 500 MeV. For the strange quark
with the mass ms ∼ 150 MeV the massless approxima-
tion is still applicable but less accurate numerically [4].
For Nf = 3 the Goldstone modes are identified in the ob-
served experimental particle spectrum with the members
of the pseudoscalar octet (pi,K, η) which would be mass-
less in the world of massless u, d, s quarks. The light
excitation corresponding to the singlet axial current of
the U(1)A subgroup is, however, not seen as the most
probable candidate – the η′ boson – seems to be too
heavy, mη′ = 958 MeV. The absence of the ninth light
Goldstone-like mode in the mass spectrum is refereed to
as the U(1) problem.
The problem is solved by the observation that the sin-
glet axial current corresponding to the U(1)A subgroup
does not conserve due to the triangle anomaly [5, 6]
and, therefore, does not necessarily generate a massless
state. This solution is generically nonperturbative and
requires a thorough microscopic analysis of the QCD
ground state [7]. The mass of the η′-boson is quite large
in a real world and will contain not only contributions
related to the spontaneous breaking of chiral symmetry
but also contributions from the explicit breaking by the
light-quark masses. The effect of this explicit breaking
can be significant since the mass of strange quark is not
much smaller than the QCD infrared scale.
In fact, the quantitative discrepancy between the ex-
periment and the chiral limit approximation for Nf = 3
has been noticed already in the paper on the triangle
anomaly where the decay width η → γγ was discussed [5].
While the chiral symmetry breaking in massless QCD
has been extensively studied at the microscopic level
(e.g. [8]) and is believed to be determined eventually by
instantons [9], the breaking effects are parametrized at
the phenomenological level by some chiral symmetry vi-
olating vacuum condensates. In the present paper we dis-
cuss the mass of a U(1)A boson in terms of phenomeno-
logical characteristics of the QCD vacuum related to the
spontaneous breaking of chiral symmetry. To this end,
we consider the spectral functions of some singlet and
octet current correlators and pin down the key difference
between these two cases which can be interpreted as the
generation of a mass in the singlet channel.
The octet axial current is ja5µ = ψ¯γµγ5(λ
a/2)ψ, where
λa, a = 1, . . . , 8, are the Gell-Mann matrices for SU(3),
and ψ = (u, d, s). These currents are conserved in the
massless limit ∂µja5µ = 0 and generate the SU(3)A sub-
group of the chiral group. The coupling of these currents
to Goldstone states |Pa(p)〉 is given by the constant f8,
〈0|ja5µ(0)|Pb(p)〉 = ipµδabf8. The bilinear quark densities
ja5 = ψ¯iγ5(λ
a/2)ψ also interpolate these Goldstone states
with the coupling g8, 〈0|ja5 (0)|Pb(p)〉 = δabg8. The rela-
tion between the constants f8 and g8 can be obtained by
introducing a small explicit breaking of chiral symme-
try by a quark mass term [10, 11] which we introduce
into the QCD Lagrangian by a diagonal mass matrix
diag(m,m,m) that retains the SU(3)V flavor symmetry.
This leads to ∂µja5µ = 2mj
a
5 and one obtains a relation
between the constants f8 and g8 in the form
2mg8 = M
2
P f8 , or g8 =
M2P
2m
f8 . (1)
Here MP is a mass of the (almost)-Goldstone particles
that emerges due to an explicit chiral symmetry breaking
through the quark-mass term in the Lagrangian. For the
case of our diagonal mass matrix the emerging masses of
the octet states are equal.
While the microscopic description of the mechanism
of the spontaneous breaking of chiral symmetry pro-
vides a dynamical picture of the QCD ground state
as the BCS explanation of superconductivity does, on
the phenomenological level this structure is reflected in
emergence of order parameters in the spirit of Landau-
Ginzburg model [12]. In QCD the order parameters
of the chiral symmetry breaking are chiral vacuum
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2condensates. The microscopic dynamics is eventually
parametrized with the phenomenological exact ground-
state characteristics which are accounted for at the com-
putation of correlation functions [13]. In our paper, we
take a phenomenological route.
γµγ5λa γ5λb
FIG. 1: Octet correlator
We start with the octet channel and consider a corre-
lator of the form∫
dxeipx〈Tja5µ(x)jb5(0)〉 = pµδabΠ8(p2) .
In the chiral limit the operator product expansion (OPE)
gives including the chiral symmetry breaking effects
through vacuum condensates
Π8(p
2) = C
8
q¯q
〈q¯q〉
p2
+ C
8
q¯Gq
〈q¯Gq〉
p4
+O
(
1
p6
)
. (2)
Here q is a generic name for any light quark u, d, or s, 〈q¯q〉
is a quark condensate which is an order parameter of the
spontaneous chiral symmetry breaking, 〈q¯Gq〉 is a mixed
quark-gluon condensate, 〈q¯Gq〉 = 〈q¯gsGaµνtaσµνq〉, ta are
the generators of the QCD color group SU(Nc) with
normalization condition tr(tatb) = δab/2, and σµν =
i[γµ, γν ]/2.
In the chiral limit, C
8
q¯q = 1, and there are neither
higher order corrections in αs nor power corrections 1/p
n
with n > 2 (in particular, C
8
q¯Gq = 0) and thus
Π8(p
2) =
〈q¯q〉
p2
in the chiral limit .
These properties of the correlator (2) can be derived
from current algebra and the canonical field commuta-
tors (e.g. [14]). They can be also established by direct
computation in perturbation theory (e.g. [15]) that gives
a perturbative confirmation of canonical commutators
structure of QCD.
The Goldstone modes give the only contribution to the
correlator possible in the chiral limit M2P → 0
Πph8 (p
2) =
f8g8
M2P − p2
(3)
Comparing eqs. (2,3) one obtains f8g8 = −〈q¯q〉. The
Gell-Mann-Oakes-Renner relation [13, 16] f28M
2
P =
−2m〈q¯q〉 follows using eq. (1).
γµγ5 γ5taγα taγα
FIG. 2: Triangle diagram contribution to the singlet correla-
tor
For the correlator of the singlet currents the difference
in the OPE is a presence of a triangle diagram as given in
Fig. 2. The anomaly [5, 6] gives contributions of higher
order in 1/p2 and, in principle, in higher orders in αs for
the leading quark condensate term. One has∫
dxeipx〈Tj5µ(x)j5(0)〉 = pµΠ0(p2) , (4)
Π0(p
2) = C
0
q¯q
〈q¯q〉
p2
+ C
0
q¯Gq
〈q¯Gq〉
p4
+O
(
1
p6
)
(5)
where the normalization λ0/2 = diag(1, 1, 1)/
√
6 has
been used for singlet operators, j5µ = ψ¯γµγ5(λ
0/2)ψ.
In the chiral limit and to the leading order in αs one
finds C
0
q¯q = 1 + O(α
2
s) and C
0
q¯Gq = 3αs/4pi + O(α
2
s).
Higher order corrections to the expansion of the corre-
lator in both αs and 1/p
2 are not forbidden. Thus, in
the framework of operator product expansion with phe-
nomenological account for spontaneous symmetry break-
ing one clearly sees the difference between singlet and
octet channels in the chiral limit.
We analyze the experimental spectrum within the
framework of spectral sum rules [17–19]. We use∮
C
Πph(z)zndz =
∮
C
Π(z)zndz (6)
for n = 1, 2 [20] and analyze the contribution of the
U(1)A boson to the correlator (4)
Πph0 (p
2) =
f0g0
M20 − p2
(7)
with 〈0|j5µ(0)|P(p)〉 = ipµf0 and 〈0|j5(0)|P(p)〉 = g0.
Choosing an integration contour that encircles only the
lowest state and comparing expressions (5) and (7) one
finds the first sum rule (n = 1)
f0g0 = −C0q¯q〈q¯q〉 . (8)
The second sum rule (n = 2) gives
f0g0M
2
0 = −C0q¯Gq〈q¯Gq〉 (9)
which leads to an expression for the U(1)A boson mass
in the chiral limit
M20 =
C
0
q¯Gq
C
0
q¯q
〈q¯Gq〉
〈q¯q〉 . (10)
3Using the parametrization 〈q¯Gq〉 = m20〈q¯q〉 [21] and ex-
plicit expressions for the coefficient functions one finds
(in the chiral limit and to the leading order in αs)
M20 =
3αs
4pi
m20 (1 +O(αs)) +O(ms) . (11)
Numerically, with m20 = 0.8 ± 0.2 GeV2 [22] and
αs(1 GeV) = 0.50 ± 0.05 [23] one gets M20 = 0.10 ±
0.04 GeV2 and M0 = 310 ± 50 MeV. The usual can-
didate for the U(1)A boson in the observed particle spec-
trum is the η′ boson with mη′ = 958 MeV. Thus we
conclude that the anomaly related contribution to the
mass of η′ in the chiral limit is only about 1/3 of the
observed η′-mass.
Corrections to this estimate come from higher orders in
the OPE and from the explicit chiral symmetry breaking
by quark masses. The perturbative corrections to the
coefficient functions of condensates are calculable due to
asymptotic freedom of QCD [24] but can be significant
as the expansion parameter αs(1 GeV) is large (e.g. [25,
26]). The largest part of the corrections from explicit
breaking of chiral symmetry through the quark masses
comes from the strange quark, since ms is sizable and
leads to a breaking of the flavor SU(3) symmetry by the
mass itself and by the different numerical values of 〈s¯s〉
compared to the light-quark condensates (e.g. [27]).
There are also corrections on the hadronic side which
come from considering more complicated spectra includ-
ing mixing with gluonia and the η state from the pseu-
doscalar octet. In this case higher dimensional conden-
sates with dimensionality larger than five in the OPE
eq. (5) can play some role.
We consider the s-quark mass ms corrections as the
most essential ones for quantitative comparison with ex-
periment. The mass matrix of the form msdiag(0, 0, 1)
leads at leading order in ms to the corrections to the
OPE
Π
0
m(p
2) =
ms
6
∆(p2), Π
80
m (p
2) = − ms
3
√
2
∆(p2) (12)
for the singlet and singlet-octet correlators, and to
ΠKm(p
2) =
ms
4
∆(p2), Πηm(p
2) =
ms
3
∆(p2) (13)
for the octet correlator. The leading order perturbative
expression for the spectrum of ∆(p2) reads
∆(s) =
3
4pi2
(1 +O(αs(µ))) . (14)
The corrections in αs(µ) can be large at the relevant scale
µ ∼ 1 GeV (e.g. [28]). Furthermore we neglect the term
ms〈GG〉 where 〈GG〉 is a gluon condensate [29]. The ms
octet corrections obey the symmetry relation 4ΠKm(p
2) =
3Πηm(p
2) + Πpim(p
2) with Πpim(p
2) = 0 and reproduce the
octet mass formula 3m2η +m
2
pi = 4m
2
K .
The mass shift to the chiral-limit prediction (10) de-
pends on details of the spectrum. The mass of the s-
quark is not negligible compared to ΛQCD which mani-
fests itself in the fact that both the kaon and the η are
rather massive in the real world.
The explicit breaking of the flavor symmetry induces
an octet-singlet mixing. Even if the violation term is
small the mixing effect can be large. Thus, for vector
mesons the mixing is ideal – the φ meson is almost ex-
clusively an s¯s state while the ω meson is built from u, d
quarks only. The η, η′ mixing has been extensively stud-
ied (e.g. [30]). For our purposes we consider contributions
of η and η′ to the correlators
Πph8 (p
2) =
f8g8
M2η − p2
+
f80g80
M20 − p2
Πph0 (p
2) =
f0g0
M20 − p2
+
f08g08
M2η − p2
(15)
Πph80(p
2) =
f8g08
M2η − p2
+
f80g0
M20 − p2
(16)
Here f80 is a non-diagonal overlap of the octet current
with η′, f80 ∼ 〈0|jaµ|η′〉, same for g80, while f08 ∼
〈0|jµ5 |η〉 and similar for g08. The diagonal constants
do not vanish in the symmetry limit and acquire a cor-
rection in the symmetry breaking parameter ms, e.g.
f8 → f8 + O(ms). The nondiagonal matrix elements
vanish in the symmetry limit, f80 = O(ms), as one can
conclude from eq. (16) using eq. (12). To the linear or-
der in ms one neglects the nondiagonal contributions in
eq. (15) which are of O(m2s) order and gets
fg = −〈q¯q〉+ ms
8pi2
s0
fgM20 = −〈q¯q〉
3αs
4pi
m20 +
ms
16pi2
s20 (17)
where f, g are the singlet parameters up to O(ms). We
take the numerical value ms(1 GeV) = 150 MeV [31] and
〈q¯q〉 = 〈u¯u〉 = −(250 MeV)3 from data on fpi and light
quark masses [32]. One finds M20 = 0.14 for s0 = 1 GeV
2
and M20 = 0.2 for s0 = 1.5 GeV
2, or M0 = 460 MeV. The
shift amounts to about 0.1 GeV2 that is comparable to
the shift in the octet, m2K = 0.25 GeV
2, m2η = 0.3 GeV
2.
Eventually the duality interval, i.e. the value of s0 can
be fixed from the shifts in the octet channel or by some
other method of sum rules analysis but presently we pre-
fer to choose it just in the region of (1 − 1.5) GeV2 for
the rough estimates. The duality intervals in singlet and
octet channels differ for nonvanishing ms that also in-
troduces an uncertainty in s0 determination. One sees
that the ms corrections are numerically comparable with
the anomaly contribution. Indeed, for s0 = 1.5 GeV
2 the
contributions of the anomaly and of explicit breaking cor-
rections are distributed according to 0.015|an + 0.003|ms
for the first sum rule and 0.0015|an + 0.0021|ms for the
4second. We checked that changes due to the gluon con-
densate emerging as a power correction in ∆(s) is well
within uncertainties of our simple estimates. Thus, in
leading order approximation and unless the strong cou-
pling corrections are very large, the U(1) boson mass lies
in the range 400 − 600 MeV that is smaller than the η′
mass of 1 GeV. We have implicitly accounted for possible
strong coupling corrections to ∆(s) and C
0
q¯Gq by taking a
very broad range of numerical values for parameters ms,
m20 and αs. This range can look a bit unusual for the ex-
perts and introduces large uncertainties in quantitative
estimates but we believe it helps to keep our qualitative
conclusions stable against inclusion of higher order cor-
rections. While the ratio of the condensates 〈q¯Gq〉/〈q¯q〉
is of a natural scale in terms of ΛrmQCD, the numerical
smallness of the mass is due to an explicit suppression
by αs. The result for U(1)A boson mass scales as 1/Nc
in the large Nc limit that also suggests the smallness of
the numerical value. The shift due to an explicit breaking
with ms is significant: it is not suppressed by αs, it is not
suppressed by 1/Nc, and ms is not drastically small com-
pared to ΛQCD. Still the total result seems to be small to
hit the η′ mass. And the shift due to the explicit break-
ing cannot be arbitrarily large as it is constrained from
the octet channel.
Can it happen that the proper U(1) boson is not dis-
covered yet? In the region 450−600 MeV there is a broad
bump f0(500) which is identified with a scalar σ [33].
Given the fact that our prediction for the U(1) boson
mass is in this region, one could speculate about an iso-
topic singlet pseudoscalar η1 hiding there. If such a state
would be found it could be interpreted as a U(1) boson
instead of η′. Such a state could be handy as it might
be a building block for the scalar states in the molecular
picture of massive scalars, a0(980) ∼ η1pi.
The U(1)-boson as a singlet can be strongly coupled
to the gluon sector of QCD which is expressed by the
Witten-Veneziano formula [34, 35] m2η′ = 12χtop/f
2
η′
where
χtop =
(αs
4pi
)2 ∫
dx〈FF˜ (x)FF˜ (0)〉 .
From our result (10) one can extract the numerical value
for the vacuum susceptibility in the chiral limit.
To summarize, we have calculated the mass of the
particle associated with the U(1)A generator of chiral
symmetry in QCD. This particle acquires a nonvanishing
mass because of the singlet axial anomaly. We use phe-
nomenological characteristics of the vacuum implicitly re-
flecting the nonperturbative structure of QCD in order to
compute the mass. The obtained value is, however, too
small to be associated with the η′ state in observed spec-
trum. Even taking into account a nonvanishing s-quark
mass is still insufficient to close this gap so we speculate
about the possibility that the proper U(1) particle is still
hidden in the debris of a big bump around f0(500).
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